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ÞâÔÕÛÕÝØï À°½ (Ó. ¸ÖÕÒáÚ)
·ÐéØâÐ áÞáâÞØâáï " 4 " ÔÕÚÐÑàï 2008 Ó. Ò 14 çÐá. 30 ÜØÝ. ÝÐ ×ÐáÕÔÐÝØØ
ÔØááÕàâÐæØÞÝÝÞÓÞ cÞÒÕâÐ ´ 212.081.21 Ò ºÐ×ÐÝáÚÞÜ ÓÞáãÔÐàáâÒÕÝÝÞÜ ãÝØ-
ÒÕàáØâÕâÕ ßÞ ÐÔàÕáã: 420008, Ó. ºÐ×ÐÝì, ãÛ. ºàÕÜÛÕÒáÚÐï 35, ÚÞàß. 2, ÐãÔ. 217.
Á ÔØááÕàâÐæØÕÙ ÜÞÖÝÞ Þ×ÝÐÚÞÜØâáï Ò ÝÐãçÝÞÙ ÑØÑÛØÞâÕÚÕ ØÜ. ½.¸. »ÞÑÐ-
çÕÒáÚÞÓÞ ºÐ×ÐÝáÚÞÓÞ ÓÞáãÔÐàáâÒÕÝÝÞÓÞ ãÝØÒÕàáØâÕâÐ.
°ÒâÞàÕäÕàÐâ àÐ×ÞáÛÐÝ " 25 " ÞÚâïÑàï 2008 Ó.
ÃçÕÝëÙ áÕÚàÕâÐàì ÔØááÕàâÐæØÞÝÝÞÓÞ áÞÒÕâÐ,
ÔÞÚâÞà äØ×.- ÜÐâ. ÝÐãÚ ¾.°. ·ÐÔÒÞàÝÞÒ
¾±É°Ï Å°À°ºÂµÀ¸ÁÂ¸º° À°±¾ÂË
°ÚâãÐÛìÝÞáâì âÕÜë. ¼ÐâÕÜÐâØçÕáÚÞÕ ÜÞÔÕÛØàÞÒÐÝØÕ èØàÞÚÞ ØáßÞÛì×ã-
Õâáï ßàØ àÕèÕÝØØ àÐ×ÛØçÝëå ÚÛÐááÞÒ ßàØÚÛÐÔÝëå ×ÐÔÐç. ² ÞáÞÑÕÝÝÞáâØ íâÞ
ÞâÝÞáØâáï Ú ÝÕÛØÝÕÙÝëÜ ×ÐÔÐçÐÜ. ¾ÔÝÞÙ Ø× ÞÑÛÐáâÕÙ, Ò ÚÞâÞàÞÙ íääÕÚ-
âØÒÝÞ ØáßÞÛì×ãîâáï ÜÕâÞÔë ÜÐâÕÜÐâØçÕáÚÞÓÞ ÜÞÔÕÛØàÞÒÐÝØï, ïÒÛïÕâáï âÕÞ-
àØï ßÞÔ×ÕÜÝÞÙ äØÛìâàÐæØØ ÐÝÞÜÐÛìÝëå ÖØÔÚÞáâÕÙ. ÀÕèÕÝØî ÒÞ×ÝØÚÐîéØå
Ò íâÞÙ ÞÑÛÐáâØ ×ÐÔÐç ßÞáÒïéÕÝÐ ÞÑèØàÝÐï ÛØâÕàÐâãàÐ. ¾ÔÝÐÚÞ, ÒÞ-ßÕàÒëå, Ò
ÞáÝÞÒÝÞÜ ØáßÞÛì×ãîâáï ÛØÝÕÙÝëÕ ÜÞÔÕÛØ, Ð ÒÞ-ÒâÞàëå, àÐááÜÐâàØÒÐÕâáï áÛã-
çÐÙ Ø×ÞâàÞßÝÞÙ áàÕÔë. ² âÞ ÖÕ ÒàÕÜï, ÜÝÞÓØÕ ßàÐÚâØçÕáÚØÕ ×ÐÔÐçØ âàÕÑãîâ
ØáßÞÛì×ÞÒÐÝØï ÝÕÛØÝÕÙÝëå ×ÐÚÞÝÞÒ äØÛìâàÐæØØ (á ßàÕÔÕÛìÝëÜ ÓàÐÔØÕÝâÞÜ,
ÜÝÞÓÞ×ÝÐçÝëÕ ×ÐÚÞÝë). ºàÞÜÕ âÞÓÞ, Ø×ãçÕÝØÕ ÔÒØÖÕÝØï ÖØÔÚÞáâÕÙ Ò ßÞàØáâëå
áàÕÔÐå áÒØÔÕâÕÛìáâÒãÕâ ÞÑ Øå ÐÝØ×ÞâàÞßÝÞáâØ. ¿ÞíâÞÜã ØááÛÕÔÞÒÐÝØÕ ÜÐâÕÜÐ-
âØçÕáÚØå ÜÞÔÕÛÕÙ, ãçØâëÒÐîéØå ÝÕÛØÝÕÙÝëÙ Ø ÐÝØ×ÞâàÞßÝëÙ åÐàÐÚâÕà ×ÐÒØ-
áØÜÞáâØ áÚÞàÞáâØ äØÛìâàÐæØØ Þâ ÓàÐÔØÕÝâÐ ÔÐÒÛÕÝØï, ßÞáâàÞÕÝØÕ íääÕÚâØÒ-
Ýëå ÜÕâÞÔÞÒ çØáÛÕÝÝÞÙ àÕÐÛØ×ÐæØØ âÐÚØå ÜÞÔÕÛÕÙ ïÒÛïÕâáï ÐÚâãÐÛìÝÞÙ ×ÐÔÐ-
çÕÙ.
ÆÕÛì ØááÛÕÔÞÒÐÝØÙ. ÆÕÛì àÐÑÞâë - ßÞáâàÞÕÝØÕ Ø ØááÛÕÔÞÒÐÝØÕ ÜÐâÕÜÐâØ-
çÕáÚØå ÜÞÔÕÛÕÙ ×ÐÔÐç ÐÝØ×ÞâàÞßÝÞÙ äØÛìâàÐæØØ ÝÕáÖØÜÐÕÜÞÙ ÖØÔÚÞáâØ, ßÞ-
áâàÞÕÝØÕ Ø ØááÛÕÔÞÒÐÝØÕ ßàØÑÛØÖÕÝÝëå ÜÕâÞÔÞÒ àÕèÕÝØï ãÚÐ×ÐÝÝëå ×ÐÔÐç.
¼ÕâÞÔë ØááÛÕÔÞÒÐÝØÙ. ¿àØ Ø×ãçÕÝØØ àÐááÜÐâàØÒÐÕÜëå Ò àÐÑÞâÕ ×ÐÔÐç
ØáßÞÛì×ãîâáï ÜÕâÞÔë ÒëßãÚÛÞÓÞ ÐÝÐÛØ×Ð, ÝÕÛØÝÕÙÝÞÓÞ äãÝÚæØÞÝÐÛìÝÞÓÞ ÐÝÐ-
ÛØ×Ð, âÕÞàØï ÜÞÝÞâÞÝÝëå ÞßÕàÐâÞàÞÒ, ÜÕâÞÔ ÚÞÝÕçÝëå íÛÕÜÕÝâÞÒ.
½ÐãçÝÐï ÝÞÒØ×ÝÐ. ¾áÝÞÒÝëÕ àÕ×ãÛìâÐâë àÐÑÞâë ïÒÛïîâáï ÝÞÒëÜØ Ø áÞ-
áâÞïâ Ò ØááÛÕÔÞÒÐÝØØ ÚÞààÕÚâÝÞáâØ ÜÐâÕÜÐâØçÕáÚØå ÜÞÔÕÛÕÙ ×ÐÔÐç äØÛìâàÐ-
æØØ ÝÕáÖØÜÐÕÜÞÙ ÖØÔÚÞáâØ, áÛÕÔãîéÕÙ ÝÕÛØÝÕÙÝÞÜã ÜÝÞÓÞ×ÝÐçÝÞÜã ÐÝØ×Þ-
âàÞßÝÞÜã ×ÐÚÞÝã äØÛìâàÐæØØ, ßÞáâàÞÕÝØØ Ø ØááÛÕÔÞÒÐÝØØ ßàØÑÛØÖÕÝÝëå ÜÕ-
âÞÔÞÒ ÔÛï àÕèÕÝØï ÒÐàØÐæØÞÝÝëå ÝÕàÐÒÕÝáâÒ ÒâÞàÞÓÞ àÞÔÐ Ò ÑÐÝÐåÞÒëå Ø
ÓØÛìÑÕàâÞÒëå ßàÞáâàÐÝáâÒÐå, ÚÞâÞàëÕ ÒÞ×ÝØÚÐîâ ßàØ ÜÐâÕÜÐâØçÕáÚÞÜ ÞßØáÐ-
ÝØØ àÐááÜÐâàØÒÐÕÜëå ×ÐÔÐç äØÛìâàÐæØØ, çØáÛÕÝÝÞÙ àÕÐÛØ×ÐæØØ ßàÕÔÛÞÖÕÝ-
Ýëå ÐÛÓÞàØâÜÞÒ.
¿àÐÚâØçÕáÚÐï æÕÝÝÞáâì. ÀÐ×àÐÑÞâÐÝÝëÕ ÜÐâÕÜÐâØçÕáÚØÕ ÜÞÔÕÛØ Ø çØá-
ÛÕÝÝëÕ ÜÕâÞÔë ÜÞÓãâ Ñëâì ØáßÞÛì×ÞÒÐÝë ßàØ àÕèÕÝØØ ÚÞÝÚàÕâÝëå áâÐæØÞ-
ÝÐàÝëå ×ÐÔÐç äØÛìâàÐæØØ  ×ÐÔÐç äØÛìâàÐæØØ ÝÕáÖØÜÐÕÜëå ÖØÔÚÞáâÕÙ, áÛÕ-
ÔãîéØå ÝÕÛØÝÕÙÝÞÜã ÜÝÞÓÞ×ÝÐçÝÞÜã ÐÝØ×ÞâàÞßÝÞÜã ×ÐÚÞÝã äØÛìâàÐæØØ.
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°ßàÞÑÐæØï àÐÑÞâë. ÀÕ×ãÛìâÐâë ÔØááÕàâÐæØØ ÔÞÚÛÐÔëÒÐÛØáì ÝÐ ØâÞÓÞÒÞÙ
ÝÐãçÝÞ-ÞÑàÐ×ÞÒÐâÕÛìÝÞÙ ÚÞÝäÕàÕÝæØØ áâãÔÕÝâÞÒ ºÐ×ÐÝáÚÞÓÞ ÓÞáãÔÐàáâÒÕÝ-
ÝÞÓÞ ãÝØÒÕàáØâÕâÐ 2005 Ó., XIV, XV ¼ÕÖÔãÝÐàÞÔÝëå ÚÞÝäÕàÕÝæØïå ßÞ Òë-
çØáÛØâÕÛìÝÞÙ ÜÕåÐÝØÚÕ Ø áÞÒàÕÜÕÝÝëÜ ßàØÚÛÐÔÝëÜ ßàÞÓàÐÜÜÝëÜ áØáâÕÜÐÜ
(°ÛãèâÐ, ºàëÜ, 25-31 ÜÐï 2005 Ó., 25-31 ÜÐï 2007 Ó.), ÝÐãçÝÞÙ ÚÞÝäÕàÕÝæØØ
"ÂÕÞàØï ãßàÐÒÛÕÝØï Ø ÜÐâÕÜÐâØçÕáÚÞÕ ÜÞÔÕÛØàÞÒÐÝØÕ" (¸ÖÕÒáÚ, 3 - 8 ØîÛï
2006 Ó.), 6-ÞÜ, 7-ÞÜ ²áÕàÞááØÙáÚØå áÕÜØÝÐàÐå "ÁÕâÞçÝëÕ ÜÕâÞÔë ÔÛï ÚàÐÕ-
Òëå ×ÐÔÐç Ø ßàØÛÞÖÕÝØï" (Ó. ºÐ×ÐÝì, 1 - 4 ÞÚâïÑàï 2005, 21-24 áÕÝâïÑàï 2007
Ó.Ó.), VII ¼ÕÖÔãÝÐàÞÔÝÞÙ ÚÞÝäÕàÕÝæØØ "´ØääÕàÕÝæØÐÛìÝëÕ ãàÐÒÝÕÝØï Ø Øå
ßàØÛÞÖÕÝØï" (ÁÐàÐÝáÚ, 17-24 ÜÐï 2006 Ó.), VII ¼ÕÖÔãÝÐàÞÔÝÞÙ ÚÞÝäÕàÕÝ-
æØØ ßÞ ÝÕàÐÒÝÞÒÕáÝëÜ ßàÞæÕááÐÜ Ò áÞßÛÐå Ø áâàãïå (NPNJ'2008) (°ÛãèâÐ,
ºàëÜ, 24-31 ÜÐï 2008 Ó.), ØâÞÓÞÒëå ÝÐãçÝëå ÚÞÝäÕàÕÝæØïå ºÐ×ÐÝáÚÞÓÞ ÓÞáã-
ÔÐàáâÒÕÝÝÞÓÞ ãÝØÒÕàáØâÕâÐ 2005-2007 Ó.Ó., ÝÐãçÝëå áÕÜØÝÐàÐå ÚÐäÕÔàë Òë-
çØáÛØâÕÛìÝÞÙ ÜÐâÕÜÐâØÚØ º³Ã.
¿ãÑÛØÚÐæØØ. ¿Þ âÕÜÕ ÔØááÕàâÐæØØ ÞßãÑÛØÚÞÒÐÝÞ 8 àÐÑÞâ. ¸× ÝØå ÞÔÝÐ 
Ò Ø×ÔÐÝØØ Ø× áßØáÚÐ, àÕÚÞÜÕÝÔÞÒÐÝÝëå ²°º.
¾ÑêÕÜ Ø áâàãÚâãàÐ àÐÑÞâë. ´ØááÕàâÐæØï áÞáâÞØâ Ø× ÒÒÕÔÕÝØï, çÕâëàÕå
ÓÛÐÒ, áßØáÚÐ ÛØâÕàÐâãàë Ø Ø×ÛÞÖÕÝÐ ÝÐ 120 áâàÐÝØæÐå Ø áÞÔÕàÖØâ 21 àØáãÝÞÚ.
ÁßØáÞÚ ÛØâÕàÐâãàë áÞáâÞØâ Ø× 149 ÝÐØÜÕÝÞÒÐÝØÙ.
ÀÐÑÞâÐ ÒëßÞÛÝÕÝÐ ßàØ äØÝÐÝáÞÒÞÙ ßÞÔÔÕàÖÚÕ ÀÞááØÙáÚÞÓÞ ÄÞÝÔÐ ÄãÝÔÐ-
ÜÕÝâÐÛìÝëå ØááÛÕÔÞÒÐÝØÙ (ÓàÐÝâ 06-01-00633).
ºÀ°Âº¾µ Á¾´µÀ¶°½¸µ À°±¾ÂË
²Þ ÒÒÕÔÕÝØØ ÞÑÞáÝÞÒÐÝÐ ÐÚâãÐÛìÝÞáâì ØááÛÕÔÞÒÐÝØÙ, Ø×ÛÞÖÕÝ ÞÑ×Þà àÐ-
ÑÞâ, ÑÛØ×ÚØå Ú âÕÜÕ ÔØááÕàâÐæØØ, ÔÐÝÞ ee ÚàÐâÚÞÕ áÞÔÕàÖÐÝØÕ.
¿ÕàÒÐï ÓÛÐÒÐ ßÞáÒïéÕÝÐ ØááÛÕÔÞÒÐÝØî ÜÐâÕÜÐâØçÕáÚØå ÜÞÔÕÛÕÙ ãáâÐÝÞ-
ÒØÒèØåáï ßàÞæÕááÞÒ äØÛìâàÐæØØ ÝÕáÖØÜÐÕÜÞÙ ÖØÔÚÞáâØ, áÛÕÔãîéÕÙ ÝÕÛØ-
ÝÕÙÝÞÜã ÜÝÞÓÞ×ÝÐçÝÞÜã ÐÝØ×ÞâàÞßÝÞÜã ×ÐÚÞÝã äØÛìâàÐæØØ á ßàÕÔÕÛìÝëÜ ÓàÐ-
ÔØÕÝâÞÜ. ¾ÑÞÑéÕÝÝÐï ×ÐÔÐçÐ äÞàÜãÛØàãÕâáï Ò ÒØÔÕ ÒÐàØÐæØÞÝÝÞÓÞ ÝÕàÐÒÕÝ-
áâÒÐ ÒâÞàÞÓÞ àÞÔÐ.
² ý 1 ÔÐÕâáï ßÞáâÐÝÞÒÚÐ áâÐæØÞÝÐàÝÞÙ ×ÐÔÐçØ äØÛìâàÐæØØ ÝÕáÖØÜÐÕ-
ÜÞÙ ÖØÔÚÞáâØ, áÛÕÔãîéÕÙ ÝÕÛØÝÕÙÝÞÜã ÜÝÞÓÞ×ÝÐçÝÞÜã ÐÝØ×ÞâàÞßÝÞÜã ×ÐÚÞÝã
äØÛìâàÐæØØ á ßàÕÔÕÛìÝëÜ ÓàÐÔØÕÝâÞÜ.
ÀÐááÜÐâàØÒÐÕâáï ãáâÐÝÞÒØÒèÕÙáï ßàÞæÕáá äØÛìâàÐæØØ ÝÕáÖØÜÐÕÜÞÙ
ÖØÔÚÞáâØ. ÄØÛìâàÐæØï ßàÞØáåÞÔØâ Ò ÞÓàÐÝØçÕÝÝÞÙ ÞÑÛÐáâØ Ω ⊂ Rm, m ≥ 1
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á ÝÕßàÕàëÒÝÞÙ ßÞ »ØßèØæã ÓàÐÝØæÕÙ Γ = Γ1∪Γ2, (Γ1∩Γ2 = ∅, mes Γ2 > 0).
½ÕÞÑåÞÔØÜÞ ÝÐÙâØ áâÐæØÞÝÐàÝëÕ ßÞÛï ÔÐÒÛÕÝØï u Ø áÚÞàÞáâØ v ÖØÔÚÞáâØ,
ãÔÞÒÛÕâÒÞàïîéØå ãàÐÒÝÕÝØî ÝÕàÐ×àëÒÝÞáâØ
div v(x) = f˜(x), x ∈ Ω, (1)
Ø ÓàÐÝØçÝëÜ ãáÛÞÒØïÜ
(v(x),n) = 0, x ∈ Γ1, n− ÒÝÕèÝïï ÝÞàÜÐÛì Ú Γ1, (2)
u(x) = 0, x ∈ Γ2, (3)
Ò ßàÕÔßÞÛÞÖÕÝØØ, çâÞ âÕçÕÝØÕ ÖØÔÚÞáâØ áÛÕÔãÕâ ÝÕÛØÝÕÙÝÞÜã ÜÝÞÓÞ×ÝÐçÝÞÜã
ÐÝØ×ÞâàÞßÝÞÜã ×ÐÚÞÝã äØÛìâàÐæØØ
vl(u) ∈ − 1
m
m∑
k=1
[
m∑
i=1
α
(i)
kl gi
(
D2i
(
u(x)
))] ∂u(x)
∂xk
, x ∈ Ω, (4)
D2i (u) = (Υi∇u,∇u) , Υi =
{
α
(i)
k, l
}
k, l=1,m Υi ≥ 0, Υi = ΥTi .
ξ → gi(ξ2)ξ, i = 1, . . . ,m  äãÝÚæØØ, ÞßàÕÔÕÛïîéØÕ ×ÐÚÞÝ äØÛìâàÐæØØ, ÞâÝÞ-
áØâÕÛìÝÞ ÚÞâÞàëå ßàÕÔßÞÛÐÓÐÕÜ, çâÞ:
gi( ξ
2 )ξ = g i0 (ξ
2) ξ + ϑi g i1 (ξ
2) ξ, (5)
ÓÔÕ ξ → gi0( ξ2 )ξ  ÞÔÝÞ×ÝÐçÝëÕ äãÝÚæØØ, ãÔÞÒÛÕâÒÞàïîéØÕ ãáÛÞÒØïÜ:
g i0(ξ
2) ξ = 0 ßàØ ξ ≤ β i, ( β i ≥ 0− ßàÕÔÕÛìÝëÕ ÓàÐÔØÕÝâë), (6)
c 1 i (ξ − β i)p−1 ≤ g i0(ξ2) ξ ≤ c 2 i ξp−1, ξ ≥ β i, c 1 i, c 2 i > 0, (7)
ξ → g i0(ξ2) ξ ÝÕßàÕàëÒÝë, (8)
g i0(ξ
2) ξ − g i0(ζ2) ζ ≥ 0 ßàØ ξ ≥ ζ, (9)
ξ → gi1( ξ2 )ξ  ÜÝÞÓÞ×ÝÐçÝëÕ äãÝÚæØØ, ØÜÕîéØÕ ÒØÔ:
gi1( ξ
2 ) ξ = ϑi h(ξ − βi), h(ξ) =

0, ξ < βi,
[0, 1] , ξ = βi,
1, ξ > βi.
¾âÝÞáØâÕÛìÝÞ ÚÞíääØæØÕÝâÞÒ α(i)k l ßàÕÔßÞÛÐÓÐÕÜ, çâÞ
α
(i)
kl = α
(i)
lk ,
m∑
k, l=1
α
(i)
kl ξk ξl ≥ c4i
m∑
k=1
ξ2k, c4 i > 0, α
(i)
k l ≤ c5i. (10)
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¾ÑÞ×ÝÐçØÜ
(ξ, ζ)i =
m∑
k, l=1
α
(i)
kl ξk ζl, (11)
² áØÛã ãáÛÞÒØÙ (10) áÞÞâÝÞèÕÝØÕ (11) ßÞàÞÖÔÐÕâ áÚÐÛïàÝÞÕ ßàÞØ×ÒÕÔÕÝØÕ
Ò Rm. ¿ÞíâÞÜã ÔÛï ÛîÑëå äãÝÚæØÙ u, η ØÜÕîâ ÜÕáâÞ ÝÕàÐÒÕÝáâÒÐ
(Υi∇u,∇η) ≤ Di(u)Di(η), D2i (u) ≤ c6i |∇u|2, c6i > 0, i = 1, . . . ,m.
¿ãáâì V =
{
η ∈ W 1p (Ω) : η = 0, x ∈ Γ2
}
 ßàÞáâàÐÝáâÒÞ ÁÞÑÞÛÕÒÐ.
¿ãáâì ÞßÕàÐâÞàë Ai : V → V ∗ ßÞàÞÖÔÕÝë äÞàÜãÛÐÜØ
〈Aiu, η〉 = ai(u, η) =
∫
Ω
g0 i
(
D2i (u)
)
(Υi∇u,∇η) dx u, η ∈ V.
〈Au, η〉 = 1
m
m∑
i=1
〈Aiu, η〉 =
=
1
m
m∑
i=1
∫
Ω
gi 0
(
D2i (u)
) (
Υi∇u,∇η
)
dx ∀u, η ∈ V. (12)
¾ßàÕÔÕÛØÜ äãÝÚæØÞÝÐÛë Fi, i = 1, 2, . . . ,m, ßÞ äÞàÜãÛÐÜ
Fi(u) =
1
m
ϑi
∫
Ω
µ (Di(u(x))− βi) dx = 1
2m
∫
Ω
D2i (u)∫
0
gi 1(ξ) dξ dx. (13)
¿ÞÔ àÕèÕÝØÕÜ áâÐæØÞÝÐàÝÞÙ ×ÐÔÐçØ äØÛìâàÐæØØ ÝÕáÖØÜÐÕÜÞÙ ÖØÔÚÞáâØ,
áÛÕÔãîéÕÙ ÝÕÛØÝÕÙÝÞÜã ÐÝØ×ÞâàÞßÝÞÜã ÜÝÞÓÞ×ÝÐçÝÞÜã ×ÐÚÞÝã äØÛìâàÐæØØ,
ÑãÔÕÜ ßÞÝØÜÐâì äãÝÚæØî u ∈ V , ïÒÛïîéãîáï àÕèÕÝØÕÜ ÒÐàØÐæØÞÝÝÞÓÞ ÝÕàÐ-
ÒÕÝáâÒÐ
〈Au− f, η − u〉+
m∑
i=1
Fi(η)−
m∑
i=1
Fi(u) ≥ 0 ∀ η ∈ V, (14)
ÓÔÕ íÛÕÜÕÝâ f ∈ V ∗ ÞßàÕÔÕÛïÕâáï ßÞ äÞàÜãÛÕ 〈f, η〉 =
∫
Ω
∼
f (x) η(x) dx.
² áÛãçÐÕ, ÚÞÓÔÐ V  ÓØÛìÑÕàâÞÒÞ ßàÞáâàÐÝáâÒÞ áÞ áÚÐÛïàÝëÜ ßàÞØ×ÒÕÔÕÝØ-
ÕÜ (·, ·), ÞâÞÖÔÕáâÒÛÕÝÝÞÕ áÞ áÒÞØÜ áÞßàïÖÕÝÝëÜ V ∗, ÒÐàØÐæØÞÝÝÞÕ ÝÕàÐÒÕÝ-
áâÒÞ (14) ÜÞÖÕâ Ñëâì ×ÐßØáÐÝÞ Ò ÒØÔÕ:
(Au− f, η − u) +
m∑
i=1
Gi
(
Biη
)− m∑
i=1
Gi
(
Biu
) ≥ 0 ∀ η ∈ V, (15)
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ÓÔÕ Fi = Gi ◦ Bi, äãÝÚæØÞÝÐÛë Gi ÞßàÕÔÕÛÕÝë ÝÐ H =
[
Lq(Ω)
]m, q = p
p− 1 ßÞ
äÞàÜãÛÐÜ
Gi(z) =
1
2m
∫
Ω
| z |2∫
0
gi 1(ξ)dξ dx =
1
m
∫
Ω
| z |∫
0
gi 1(ξ
2) ξ dξ dx,
ïÒÛïîâáï ÒëßãÚÛëÜØ, ÛØßèØæ-ÝÕßàÕàëÒÝëÜØ, Bi = Υ1/2i ∇ : V → H ÛØ-
ÝÕÙÝëÕ, ÝÕßàÕàëÒÝëÕ ÞßÕàÐâÞàë.
½Ð ßàÐÚâØÚÕ ßàØ àÕèÕÝØØ ×ÐÔÐç ÝÕÛØÝÕÙÝÞÙ äØÛìâàÐæØØ á ßàÕÔÕÛìÝëÜ ÓàÐ-
ÔØÕÝâÞÜ ÒÐÖÝëÜ ïÒÛïÕâáï ÝÐåÞÖÔÕÝØÕ ÓàÐÝØæ ÞÑÛÐáâÕÙ, ÓÔÕ âÕçÕÝØÕ ÖØÔÚÞáâØ
ÝÕ ßàÞØáåÞÔØâ.
² ý 2 ÓÛÐÒë 1 ãáâÐÝÞÒÛÕÝë áÒÞÙáâÒÐ ÞßÕàÐâÞàÐ A, ÚÞâÞàëÕ ÝÕÞÑåÞÔØ-
Üë ×ÐâÕÜ ÔÛï ÔÞÚÐ×ÐâÕÛìáâÒÐ âÕÞàÕÜë áãéÕáâÒÞÒÐÝØï àÕèÕÝØï ÒÐàØÐæØÞÝÝÞÓÞ
ÝÕàÐÒÕÝáâÒÐ (14). ´ÞÚÐ×ÐÝÞ, çâÞ ÞßÕàÐâÞà A ïÒÛïÕâáï ÜÞÝÞâÞÝÝëÜ, ÝÕßàÕàëÒ-
ÝëÜ Ø ÚÞíàæØâØÒÝëÜ, ßàØçÕÜ ÒëßÞÛÝïÕâáï ÝÕàÐÒÕÝáâÒÞ
〈Au, u〉 ≥ c1
m
m∑
i=1
‖u‖pV −
c2
m
m∑
i=1
‖u‖p−1V ∀u ∈ V.
° äãÝÚæØÞÝÐÛë, ÞßàÕÔÕÛÕÝÝëÕ Ò (13), ÚÞÝÕçÝë ÝÐ ßàÞáâàÐÝáâÒÕ V , ïÒÛïîâáï
ÒëßãÚÛëÜØ, ÛØßèØæ-ÝÕßàÕàëÒÝëÜØ.
´ÞÚÐ×ÐÝÐ
ÂÕÞàÕÜÐ 1 . ¿ãáâì ÒëßÞÛÝÕÝë ãáÛÞÒØï (6)  (9). ÂÞÓÔÐ ÒÐàØÐæØÞÝÝÞÕ
ÝÕàÐÒÕÝáâÒÞ (14) ØÜÕÕâ ÝÕßãáâÞÕ, ÒëßãÚÛÞÕ, ×ÐÜÚÝãâÞÕ ÜÝÞÖÕáâÒÞ
àÕèÕÝØÙ. µáÛØ u  àÕèÕÝØÕ ÒÐàØÐæØÞÝÝÞÓÞ ÝÕàÐÒÕÝáâÒÐ (14), âÞ áãéÕ-
áâÒãÕâ äãÝÚæØï v ∈ H âÐÚÐï, çâÞ ßÞçâØ ÒáîÔã ÝÐ Ω ÒëßÞÛÝÕÝë ÒÚÛî-
çÕÝØï (4), Ø ØÜÕÕâ ÜÕáâÞ ãàÐÒÝÕÝØÕ ÝÕàÐ×àëÒÝÞáâØ∫
Ω
(v(x),∇η(x)) dx =
∫
Ω
∼
f (x) η(x) dx ∀ η ∈ C∞Γ2(Ω).
²âÞàÐï Ø âàÕâìï ÓÛÐÒë ßÞáÒïéÕÝë ßÞáâàÞÕÝØî ØâÕàÐæØÞÝÝëå ÜÕâÞÔÞÒ
Ø×ãçÐÕÜëå Ò ÔØááÕàâÐæØØ ×ÐÔÐç ÐÝØ×ÞâàÞßÝÞÙ äØÛìâàÐæØØ Ø ØááÛÕÔÞÒÐÝØî
áåÞÔØÜÞáâØ íâØå ÜÕâÞÔÞÒ. ¿àÕÔÒÐàØâÕÛìÝÞ ÜÕâÞÔë äÞàÜãÛØàãîâáï ÔÛï ÐÑ-
áâàÐÚâÝëå ÒÐàØÐæØÞÝÝëå ÝÕàÐÒÕÝáâÒ ÒâÞàÞÓÞ àÞÔÐ, Ð ×ÐâÕÜ íâØ ÜÕâÞÔë ßàØ-
ÜÕÝïîâáï ÔÛï àÕèÕÝØï àÐááÜÐâàØÒÐÕÜëå ×ÐÔÐç äØÛìâàÐæØØ.
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² ý 1 ÓÛÐÒë 2 Ø×ÛÞÖÕÝ ÜÕâÞÔ ØâÕàÐâØÒÝÞÙ àÕÓãÛïàØ×ÐæØØ ÔÛï àÕèÕÝØï ÒÐ-
àØÐæØÞÝÝëå ÝÕàÐÒÕÝáâÒ 2-ÓÞ àÞÔÐ.
¿ãáâì V  àÕäÛÕÚáØÒÝÞÕ ÑÐÝÐåÞÒÞ ßàÞáâàÐÝáâÒÞ á àÐÒÝÞÜÕàÝÞ ÒëßãÚÛëÜ
áÞßàïÖÕÝÝëÜ V ∗, 〈·, ·〉  ÞâÝÞèÕÝØÕ ÔÒÞÙáâÒÕÝÝÞáâØ ÜÕÖÔã V Ø V ∗, M  Òë-
ßãÚÛÞÕ ×ÐÜÚÝãâÞÕ ÜÝÞÖÕáâÒÞ Ò V , A : V → V ∗  ßáÕÒÔÞÜÞÝÞâÞÝÝëÙ, ÚÞ-
íàæØâØÒÝëÙ ÞßÕàÐâÞà. ¿àÕÔßÞÛÐÓÐÕÜ, âÐÚÖÕ, çâÞ A  ÞÓàÐÝØçÕÝÝÞ ÛØßèØæ-
ÝÕßàÕàëÒÝëÙ ÞßÕàÐâÞà:
‖Au− Aη‖V ∗ ≤ µ(R)Φ(‖u− η‖V ) ∀u, η ∈ V, (16)
ÓÔÕ R = max{‖u‖V , ‖η‖V }, µ  ÝÕãÑëÒÐîéÐï ÝÐ [0,+∞) äãÝÚæØï, Φ  ÝÕßàÕ-
àëÒÝÐï, áâàÞÓÞ ÒÞ×àÐáâÐîéÐï ÝÐ [0,+∞) äãÝÚæØï âÐÚÐï, çâÞ Φ(0) = 0,
Φ(ξ)→ +∞ ßàØ ξ → +∞, Ð âÐÚÖÕ ãÔÞÒÛÕâÒÞàïÕâ ãáÛÞÒØî:
1∫
0
(〈A(t(u+ η)), u+ η〉 − 〈A(tu), u〉)dt =
1∫
0
〈A(u+ tη), η〉dt ∀u, η ∈ V.
¿ãáâì, ÔÐÛÕÕ, Fi : V → R1, i = 1, 2, . . .m  ÒëßãÚÛëÕ, ÝÕÔØääÕàÕÝæØ-
àãÕÜëÕ, ÛØßèØæ-ÝÕßàÕàëÒÝëÕ á ÚÞÝáâÐÝâÐÜØ γi > 0 äãÝÚæØÞÝÐÛë.
ÀÐááÜÐâàØÒÐÕâáï ×ÐÔÐçÐ ßÞØáÚÐ íÛÕÜÕÝâÐ u ∈ V, ïÒÛïîéÕÓÞáï àÕèÕÝØÕÜ
ÒÐàØÐæØÞÝÝÞÓÞ ÝÕàÐÒÕÝáâÒÐ ÒâÞàÞÓÞ àÞÔÐ
〈Au− f, η − u〉+
m∑
i=1
Fi(η)−
m∑
i=1
Fi(u) ≥ 0 ∀ η ∈M. (17)
´Ûï àÕèÕÝØï ÒÐàØÐæØÞÝÝÞÓÞ ÝÕàÐÒÕÝáâÒÐ (17) ßàÕÔÛÞÖÕÝ ÜÕâÞÔ ØâÕàÐâØÒ-
ÝÞÙ àÕÓãÛïàØ×ÐæØØ.
¿ãáâì ε > 0, Fiε  äãÝÚæØÞÝÐÛ, ãÔÞÒÛÕâÒÞàïîéØÙ ãáÛÞÒØïÜ
|Fiε(η)− Fi(η)| ≤ c(ε), ∀ η ∈ V, lim
ε→0
c(ε) = 0, (18)
|Fiε(υ)− Fiε(u)| ≤ γ∗‖υ − u‖V ∀u, υ ∈ V, γ∗ > 0. (19)
´Ûï àÕèÕÝØï ×ÐÔÐçØ (17) àÐááÜÞâàØÜ áÛÕÔãîéØÙ ØâÕàÐæØÞÝÝëÙ ÜÕâÞÔ.
¿ãáâì u(0) ∈ M  ßàÞØ×ÒÞÛìÝëÙ íÛÕÜÕÝâ. ¾ßàÕÔÕÛØÜ ÔÛï n = 0, 1, 2, . . . íÛÕ-
ÜÕÝâ u(n+1) ∈M ÚÐÚ àÕèÕÝØÕ ÒÐàØÐæØÞÝÝÞÓÞ ÝÕàÐÒÕÝáâÒÐ
〈J(u(n+1) − u(n)), η − u(n+1)〉+ τ
(
m∑
i=1
Fi εn(η)−
m∑
i=1
Fi εn
(
u(n+1)
))
≥
8
≥ τ〈f − Au(n), η − u(n+1)〉 ∀ η ∈M, (20)
ÓÔÕ τ > 0  ØâÕàÐæØÞÝÝëÙ ßÐàÐÜÕâà, J : V → V ∗  ÞßÕàÐâÞà ÔÒÞÙáâÒÕÝÝÞáâØ,
ßÞàÞÖÔÐÕÜëÙ äãÝÚæØÕÙ Φ:
〈Jη, η〉 = ‖Jη‖V ∗‖η‖V = Φ(‖η‖V )‖η‖V ∀ η ∈ V.
¿àØ íâÞÜ, ÕáÛØ
∞∑
n=0
c(εn) = α < +∞, 0 < τ < min
{
1 , 1µ0
}
,
µ0 = µ(R0 + Φ
−1(R1 + γ∗)), R0 = sup
u∈S0
‖u‖V , R1 = sup
u∈S0
‖Au− f‖V ∗,
S0 = {u ∈M : F (u) ≤ F (u(0)) + 2α}, F (η) = F0(η) +
m∑
i=1
Fi(η)− 〈f, η〉,
F0(η) =
1∫
0
〈A(tη), η〉dt,
âÞ ØâÕàÐæØÞÝÝÐï ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì {u(n)}∞n=1, ßÞáâàÞÕÝÝÐï áÞÓÛÐáÝÞ (20),
ÞÓàÐÝØçÕÝÐ Ò V , Ø ÒáÕ ÕÕ áÛÐÑÞ ßàÕÔÕÛìÝëÕ âÞçÚØ ïÒÛïîâáï àÕèÕÝØïÜØ ×ÐÔÐçØ
(17).
ÂÐÚØÜ ÞÑàÐ×ÞÜ, ÚÐÖÔëÙ èÐÓ ØâÕàÐæØÞÝÝÞÓÞ ßàÞæÕááÐ áÒÞÔØâáï Ú àÕèÕÝØî
ÒÐàØÐæØÞÝÝÞÓÞ ÝÕàÐÒÕÝáâÒÐ
〈Jw, η − w〉+ τ
(
m∑
i=1
Fi εn(η)−
m∑
i=1
Fi εn(w)
)
≥ τ〈Fn, η − w〉 ∀η ∈M, (21)
ÓÔÕ Fn = f − Au(n) + 1/τ Ju(n).
² ý 2 ÓÛÐÒë 2 àÐááÜÞâàÕÝ áÛãçÐÙ, ÚÞÓÔÐ V  ÓØÛìÑÕàâÞÒÞ ßàÞáâàÐÝáâÒÞ áÞ
áÚÐÛïàÝëÜ ßàÞØ×ÒÕÔÕÝØÕÜ (·, ·), ÞâÞÖÔÕáâÒÛÕÝÝÞÕ áÞ áÒÞØÜ áÞßàïÖÕÝÝëÜ V ∗.
¿àÕÔßÞÛÐÓÐÕÜ, çâÞ ÞßÕàÐâÞà A : V → V ÞÑàÐâÝÞ áØÛìÝÞ ÜÞÝÞâÞÝÝÕÝ:
‖Au− Aη‖2V ≤ σ (Au− Aη, u− η)V , σ > 0 ∀u, η ∈ V. (22)
ÄãÝÚæØÞÝÐÛë Fi εn, ãÔÞÒÛÕâÒÞàïîâ ãáÛÞÒØïÜ (18), (19).
´Ûï àÕèÕÝØï ×ÐÔÐçØ (17) àÐááÜÞâàØÜ áÛÕÔãîéØÙ ØâÕàÐæØÞÝÝëÙ ÜÕâÞÔ.
¿ãáâì u(0) ∈ M  ßàÞØ×ÒÞÛìÝëÙ íÛÕÜÕÝâ. ¾ßàÕÔÕÛØÜ ÔÛï n = 0, 1, 2, . . . íÛÕ-
ÜÕÝâ u(n+1) ∈M ÚÐÚ àÕèÕÝØÕ ÒÐàØÐæØÞÝÝÞÓÞ ÝÕàÐÒÕÝáâÒÐ:(
u(n+1) , η − u(n+1)
)
V
+ τ
(
m∑
i=1
Fi εn(η)−
m∑
i=1
Fi εn
(
u(n+1)
))
≥
9
≥ τ
(
Fn, η − u(n+1)
)
V
∀ η ∈M, (23)
ÓÔÕ 0 < τ < τ0 = 2/σ, Fn = f − Au(n) + 1/τu(n).
µáÛØ ÞßÕàÐâÞà A ïÒÛïÕâáï ßáÕÒÔÞÜÞÝÞâÞÝÝëÜ, ßÞâÕÝæØÐÛìÝëÜ, ÛØßèØæ-
ÝÕßàÕàëÒÝëÜ, ÚÞíàæØâØÒÝëÜ Ø ãÔÞÒÛÕâÒÞàïÕâ ãáÛÞÒØî (22), âÞ ØâÕàÐæØÞÝÝÐï
ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì
{
u(n)
}∞
n=0, ßÞáâàÞÕÝÝÐï áÞÓÛÐáÝÞ (23), áåÞÔØâáï áÛÐÑÞ Ò V
Ú u∗ ßàØ n→ +∞, ÓÔÕ u∗  àÕèÕÝØî ×ÐÔÐçØ (17) .
¿ãáâì V Ø H ÓØÛìÑÕàâÞÒë ßàÞáâàÐÝáâÒÐ áÞ áÚÐÛïàÝëÜØ ßàÞØ×ÒÕÔÕÝØïÜØ
(·, ·)V , (·, ·)H , M = V . ´ÐÛÕÕ, ßàÕÔßÞÛÐÓÐÕÜ, çâÞ Fi = Gi ◦ Bi, ÓÔÕ Gi : H → R1
 áÞÑáâÒÕÝÝëÕ, ÒëßãÚÛëÕ, áÛÐÑÞ ßÞÛãÝÕßàÕàëÒÝëÕ áÝØ×ã äãÝÚæØÞÝÐÛ, Bi :
V → H  ÛØÝÕÙÝëÕ ÝÕßàÕàëÒÝëÕ ÞßÕàÐâÞàë, âÐÚØÕ, çâÞ
(Biu,Biη)H = (u, η)V ∀u, η ∈ V,
²ÒÕÔÕÜ äãÝÚæØÞÝÐÛë Gi ε, ÚÞâÞàëÙ ãÔÞÒÛÕâÒÞàïÕâ ãáÛÞÒØïÜ (18), (19). ÂÞÓÔÐ
äãÝÚæØÞÝÐÛ Fi ε ×ÐßØèÕÜ Ò ÒØÔÕ Fi ε = Gi ε ◦Bi.
´Ûï àÕèÕÝØï ÒÐàØÐæØÞÝÝÞÓÞ ÝÕàÐÒÕÝáâÒÐ (23) àÐááÜÐâàØÒÐÕâáï áÛÕÔãî-
éØÙ ØâÕàÐæØÞÝÝëÙ ßàÞæÕáá. ´Ûï ×ÐÔÐÝÝëå r > 0, ÝÐçÐÛìÝëå ßàØÑÛØÖÕÝØÙ
λ
(0)
i ∈ H, p(0)i ∈ H, âÐÚØå, çâÞ λ(0)i ∈ ∂Gi ε(p(0)i ), ÞßàÕÔÕÛØÜ ßÞáÛÕÔÞÒÐâÕÛìÝÞáâØ{
w(k)
}∞
k=0,
{
p
(k)
i
}∞
k=0
,
{
λ
(k)
i
}∞
k=0
áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ.
½ÐÙÔÕÜ íÛÕÜÕÝâ w(k+1) ÚÐÚ àÕèÕÝØÕ ×ÐÔÐçØ
(w(k+1)− τFn, η)V + τ
m∑
i=1
(
λ
(k)
i − r(k)pi + rBiw(k+1), Biη
)
H
= 0 ∀ η ∈ V. (24)
¿Þ Ø×ÒÕáâÝÞÜã w(k+1) ÝÐåÞÔØÜ íÛÕÜÕÝâë p(k+1)i , àÕèÐï m ×ÐÔÐç ÜØÝØÜØ-
×ÐæØØ
Giεn
(
p
(k+1)
i
)
−
(
λ
(k)
i , p
(k+1)
i
)
H
+
r
2
∥∥∥Biw(k+1) − p(k+1)i ∥∥∥2
H
≤
≤ Giεn (q)−
(
λ
(k)
i , qi
)
H
+
r
2
∥∥∥Biw(k+1) − qi∥∥∥2
H
∀ qi ∈ H. (25)
½ÐåÞÔØÜ íÛÕÜÕÝâ λ(k+1)i ÔÛï i = 1, 2, . . . ,m ßÞ ïÒÝÞÙ äÞàÜãÛÕ
λ
(k+1)
i = λ
(k)
i + r
(
Biw
(k+1) − p(k+1)i
)
. (26)
¿àØ íâÞÜ {w(k)} áåÞÔØâáï áÛÐÑÞ Ò V Ú ÝÕÚÞâÞàÞÜã àÕèÕÝØî w ×ÐÔÐçØ (23),
{p(k)i } áåÞÔØâáï áØÛìÝÞ Ò H Ú Biw ßàØ k → +∞.
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² ý 3 ÓÛÐÒë 2 ãáâÐÝÞÒÛÕÝë ÔÞßÞÛÝØâÕÛìÝëÕ áÒÞÙáâÒÐ ÞßÕàÐâÞàÞÒ, ÒåÞÔï-
éØå Ò ÒÐàØÐæØÞÝÝÞÕ ÝÕàÐÒÕÝáâÒÞ (14), ÞßØáëÒÐîéÕÕ ×ÐÔÐçã äØÛìâàÐæØØ (1) -
(4). ÍâØ áÒÞÙáâÒÐ ßÞ×ÒÞÛïîâ ßàØÜÕÝØâì âÕÞàÕÜë Þ áåÞÔØÜÞáâØ ÜÕâÞÔÐ ØâÕàÐ-
âØÒÝÞÙ àÕÓãÛïàØ×ÐæØØ ßàØ àÕèÕÝØØ ×ÐÔÐç äØÛìâàÐæØØ.
»ÕÜÜÐ 1 . ¿ãáâì ÒëßÞÛÝÕÝë ãáÛÞÒØï (6)  (10). ÂÞÓÔÐ ÞßÕàÐâÞàë Ai
ßÞâÕÝæØÐÛìÝë, Øå ßÞâÕÝæØÐÛÐÜØ ïÒÛïîâáï äãÝÚæØÞÝÐÛë F0i,
F0i(u) =
∫
Ω
Di(u)∫
0
g i0 (ξ
2)ξdxdξ,
Ø áßàÐÒÕÔÛØÒë äÞàÜãÛë
F0i(u+ η)− F0i(u) =
1∫
0
〈Ai(u+ tη), η〉dx. (27)
»ÕÜÜÐ 2 . ¿ãáâì p ≥ 2, ÒëßÞÛÝÕÝë ãáÛÞÒØï (6)  (9),
g i0 (γ
2
1)γ1 − g i0 (γ22)γ2
γ1 − γ2 ≤ c6i (1 + γ1 + γ2)
p−2, ∀ γ1, γ2 > 0. (28)
ÂÞÓÔÐ ÞßÕàÐâÞàA ïÒÛïÕâáï ÞÓàÐÝØçÕÝÝÞ ÛØßèØæ-ÝÕßàÕàëÒÝëÜ á äãÝÚ-
æØïÜØ Φ Ø µ ÞßàÕÔÕÛïÕÜëÜØ ßÞ äÞàÜãÛÐÜ Φ(ξ) = ξ, µ(ξ) = c8 (1 + 2ξ)p−2,
c8 > 0.
ÁÛÕÔáâÒØÕ 1 . ¿ãáâì p = 2, ÒëßÞÛÝÕÝë ãáÛÞÒØï (6)  (10), (28). ÂÞÓÔÐ
ÞßÕàÐâÞà A ïÒÛïÕâáï ÞÑàÐâÝÞ áØÛìÝÞ ÜÞÝÞâÞÝÝëÜ á ßÞáâÞïÝÝÞÙ c8.
»ÕÜÜÐ 3 . ¿ãáâì 1 < p < 2, ÒëßÞÛÝÕÝë ãáÛÞÒØï (6)  (9),
g i0 (γ
2
1)γ1 − g i0 (γ22)γ2
γ1 − γ2 ≤ c6i (γ1 + γ2)
p−2 ∀ γ1, γ2 > 0. (29)
ÂÞÓÔÐ ÞßÕàÐâÞàA ïÒÛïÕâáï ÞÓàÐÝØçÕÝÝÞ ÛØßèØæ-ÝÕßàÕàëÒÝëÜ á äãÝÚ-
æØïÜØ Φ(ξ) = ξp−1, µ(ξ) = c9, c9 > 0.
² ý 4 ÓÛÐÒë 2 ÜÕâÞÔ ØâÕàÐâØÒÝÞÙ àÕÓãÛïàØ×ÐæØØ ßàØÜÕÝïÕâáï ÔÛï àÕèÕÝØï
×ÐÔÐç ÐÝØ×ÞâàÞßÝÞÙ äØÛìâàÐæØØ.
¿àÕÔßÞÛÐÓÐÕÜ, çâÞ äãÝÚæØØ ξ → gi 0(ξ2)ξ, i = 1, 2, . . . ,m ÚàÞÜÕ ãáÛÞÒØÙ,
ÞßàÕÔÕÛÕÝÝëå Ò ý 1 ÓÛÐÒë 1, ãÔÞÒÛÕâÒÞàïÕâ âÐÚÖÕ ãáÛÞÒØïÜ ßÞÔçØÝÕÝØï (28),
(29)
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² áÛãçÐÕ p = 2, ÚÞÓÔÐ V ïÒÛïÕâáï ÓØÛìÑÕàâÞÒëÜ ßàÞáâàÐÝáâÒÞÜ, ÞßÕàÐâÞà
A ïÒÛïÕâáï ÞÑàÐâÝÞ áØÛìÝÞ ÜÞÝÞâÞÝÝëÜ, âÞ Õáâì ãÔÞÒÛÕâÒÞàïÕâ (22).
´Ûï àÕèÕÝØï àÐááÜÐâàØÒÐÕÜëå Ò ÓÛÐÒÕ 1 ×ÐÔÐç ÐÝØ×ÞâàÞßÝÞÙ äØÛìâàÐæØØ
ÒëßÞÛÝÕÝë ÝÕÞÑåÞÔØÜëÕ ãáÛÞÒØï ÔÛï ßàØÜÕÝÕÝØï ÜÕâÞÔÐ ØâÕàÐâØÒÝÞÙ àÕÓã-
ÛïàØ×ÐæØØ.
¾ßàÕÔÕÛØÜ àÕÓãÛïàØ×ÞÒÐÝÝãî äãÝÚæØî ßÞ äÞàÜãÛÕ
gi 1ε(ξ
2)ξ =

0, ξ ≤ βi − ε,
ϑi(ξ − βi + ε)/ε, βi − ε ≤ ξ ≤ βi,
ϑi/m, ξ ≥ βi.
(30)
ÚÞâÞàÐï ßÞàÞÖÔÐÕâ äãÝÚæØÞÝÐÛë F1ε Ø G1ε. ¸ÜÕÕâ ÜÕáâÞ
»ÕÜÜÐ 4 . ¿ãáâì äãÝÚæØï gi 1ε(ξ2)ξ ÞßàÕÔÕÛÕÝÐ áÞÓÛÐáÝÞ (30). ÂÞÓÔÐ
äãÝÚæØÞÝÐÛ Fi ε ãÔÞÒÛÕâÒÞàïÕâ ãáÛÞÒØî (18), ÓÔÕ c(ε) = 2 εmes Ω.
Á ãçÕâÞÜ äÞàÜãÛë (30) ØâÕàÐæØÞÝÝëÙ ßàÞæÕáá (24) - (26) ×ÐßØèÕâáï Ò áÛÕ-
ÔãîéÕÜ ÒØÔÕ.
¿ãáâì p(0)i - ßàÞØ×ÒÞÛìÝëÙ ÒÕÚâÞà Ø× H,
λ
(0)
i = gi 1εn
(∣∣∣p(0)i ∣∣∣2)p(0)i / ∣∣∣p(0)i ∣∣∣ , i = 1, 2, . . . ,m.
´Ûï Ø×ÒÕáâÝëå p(k)i , λ
(k)
i ÝÐÙÔÕÜ w(k+1) ÚÐÚ àÕèÕÝØÕ ×ÐÔÐçØ
−(1 +mτr)Rw(k+1) = τ
[
Fn +
m∑
i=1
B∗i (λ
(k)
i − rp(k)i )
]
, x ∈ Ω,
w(k+1)(x) = 0, x ∈ Γ1,
(w(k+1)(x),n) = 0, x ∈ Γ2,
(31)
ÓÔÕ R = −div
(
m∑
i=1
Υi∇
)
.
¿Þ Ø×ÒÕáâÝÞÜã w(k+1) ÝÐåÞÔØÜ p(k+1)i , i = 1, 2, . . . ,m ßÞ äÞàÜãÛÕ
p
(k+1)
i =
α
g1 iε(t2) + r
,
ÓÔÕ α = λ(k)i + rBiw(k+1), z = |α|,
t =

z/r, z ≤ r(βi − εn),
(ϑi/m(βi − εn) + εnz)/(ϑi/m+ εnr), r(βi − εn) ≤ z ≤ rβi + ϑi/m,
(z − ϑi/m)/r, z ≥ rβi + ϑi/m.
12
¿ÞÛÐÓÐÕÜ ×ÐâÕÜ ÔÛï i = 1, 2, . . . ,m
λ
(k+1)
i = λ
(k)
i + r
(
Biw
(k+1) − p(k+1)i
)
.
´ÕÙáâÒØâÕÛìÝÞ, ×ÐÔÐçÐ (31) ÜÞÖÕâ Ñëâì ×ÐßØáÐÝÐ Ò ÒØÔÕ (24), ÒáÛÕÔáâÒØÕ
âÞÓÞ, çâÞ B∗i = −divΥ1/2i .
² ý 1 ÓÛÐÒë 3 ßÞáâàÞÕÝ ØâÕàÐæØÞÝÝëÙ ÜÕâÞÔ àÐáéÕßÛÕÝØï ÔÛï àÕèÕÝØï
ÒÐàØÐæØÞÝÝëå ÝÕàÐÒÕÝáâÒ ÒâÞàÞÓÞ àÞÔÐ á ÞÑàÐâÝÞ áØÛìÝÞ ÜÞÝÞâÞÝÝëÜ ÞßÕ-
àÐâÞàÞÜ Ø ÒëßãÚÛëÜØ, ÝÕÔØääÕàÕÝæØàãÕÜëÜØ äãÝÚæØÞÝÐÛÐÜØ Ò ÓØÛìÑÕàâÞ-
Òëå ßàÞáâàÐÝáâÒÐå, Ú ÚÞâÞàëÜ áÒÞÔïâáï ×ÐÔÐçØ ÐÝØ×ÞâàÞßÝÞÙ äØÛìâàÐæØØ,
àÐááÜÐâàØÒÐÕÜëÕ Ò ÓÛÐÒÕ 1. ¿àÞÒÕÔÕÝÞ ØááÛÕÔÞÒÐÝØÕ áåÞÔØÜÞáâØ ßàÕÔÛÞÖÕÝ-
ÝÞÓÞ ØâÕàÐæØÞÝÝÞÓÞ ÜÕâÞÔÐ.
¿ãáâì V,H  ÓØÛìÑÕàâÞÒë ßàÞáâàÐÝáâÒÐ áÞ áÚÐÛïàÝëÜØ ßàÞØ×ÒÕÔÕÝØï-
ÜØ (·, ·)V , (·, ·)H áÞÞâÒÕâáâÒÕÝÝÞ, ÞâÞÖÔÕáâÒÛÕÝÝëÕ áÞ áÒÞØÜØ áÞßàïÖÕÝÝëÜØ,
A : V → V  ÞÑàÐâÝÞ áØÛìÝÞ ÜÞÝÞâÞÝÝëÙ ÞßÕàÐâÞà á ßÞáâÞïÝÝÞÙ σ > 0:
(Au− Aη, u− η)V ≥ σ ‖Au− Aη‖2V , σ > 0 ∀u, η ∈ V, (32)
´Ûï àÕèÕÝØï ÒÐàØÐæØÞÝÝÞÓÞ ÝÕàÐÒÕÝáâÒÐ (15) àÐááÜÞâàØÜ áÛÕÔãîéØÙ ØâÕ-
àÐæØÞÝÝëÙ ßàÞæÕáá. ¿ãáâì u(0) ∈ V , y(0)i ∈ H, λ(0)i ∈ H, i = 0, 1, . . . ,m 
ßàÞØ×ÒÞÛìÝëÕ íÛÕÜÕÝâë. ´Ûï k = 0, 1, 2, . . ., ×ÝÐï y(k)i , µ
(k)
i , ÞßàÕÔÕÛØÜ u(k+1):
u(k+1) = u(k) − τ
(
Au(k) − f + r
m∑
i=1
B∗iBi u
(k) +
m∑
i=1
B∗i
(
λ
(k)
i − r y(k)i
))
, (33)
×ÐâÕÜ ÝÐåÞÔØÜ y(k+1)i , àÕèÐï ×ÐÔÐçØ ÜØÝØÜØ×ÐæØØ
r(y
(k+1)
i , zi − y(k+1)i )H +Gi(zi)−Gi(y(k+1)i ) ≥
≥ (rBiu(k+1) + λ(k)i , zi − y(k+1)i )H ∀ zi ∈ H, i = 1, 2 . . . ,m, (34)
Ø ÝÐåÞÔØÜ λ(k+1)i ßÞ äÞàÜãÛÕ
λ
(k+1)
i = λ
(k)
i + r
(
Biu
(k+1) − y(k+1)i
)
, i = 1, 2 . . . ,m, (35)
ÓÔÕ τ > 0 Ø r > 0  ØâÕàÐæØÞÝÝëÕ ßÐàÐÜÕâàë, B∗i : H → V  áÞßàïÖÕÝÝëÕ Ú
Bi ÞßÕàÐâÞàë:
(B∗i yi, η)V = (yi, Biη)H ∀ η ∈ V, yi ∈ H.
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ºàÞÜÕ âÞÓÞ, ÑãÔÕÜ ßàÕÔßÞÛÐÓÐâì, çâÞ ÒëßÞÛÝïÕâáï àÐÒÕÝáâÒÞ
1
m
m∑
i=1
(Biu,Biη)H = (u, η)V ∀u, η ∈ V .
´Ûï ØááÛÕÔÞÒÐÝØï áåÞÔØÜÞáâØ ÞßØáÐÝÝÞÓÞ ØâÕàÐæØÞÝÝÞÓÞ ßàÞæÕááÐ ÒëßØ-
èÕÜ ïÒÝëÙ ÒØÔ ÞßÕàÐâÞàÐ ßÕàÕåÞÔÐ íâÞÓÞ ßàÞæÕááÐ.
¾ÑÞ×ÝÐçØÜ çÕàÕ× Hm ßàïÜÞÕ ßàÞØ×ÒÕÔÕÝØÕ m ßàÞáâàÐÝáâÒ H Ø ÒÒÕÔÕÜ Ò
àÐááÜÞâàÕÝØÕ ÞßÕàÐâÞà T : V ×Hm×Hm → V ×Hm×Hm, áâÐÒïéØÙ Ò áÞÞâ-
ÒÕâáâÒØÕ ÒÕÚâÞàã q = (q0, q1, q2, . . . , q2m) = (u, y1, . . . , ym, λ1, . . . , λm), íÛÕÜÕÝâë
Tq =
{
T0q, T1q, . . . , T2mq
}
áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ:
T0q = q0 − τ
[
Aq0 − f + r
m∑
i=1
B∗iBi q0 +
m∑
i=1
B∗i
(
qm+i − r qi
) ]
, (36)
Tiq = Prox Gi/r
(
Bi T0q +
1
r
qi
)
, i = 1, 2, . . . ,m , (37)
Tm+iq = qm+i + r
[
Bi T0q − Tiq
]
, i = 1, 2, . . . ,m . (38)
·ÔÕáì Prox G : Z → Z  ßàÞÚáØÜÐÛìÝÞÕ ÞâÞÑàÐÖÕÝØÕ, áÞßÞáâÐÒÛïîéØÕ
ÚÐÖÔÞÜã íÛÕÜÕÝâã p Ø× ÓØÛìÑÕàâÞÒÐ ßàÞáâàÐÝáâÒÐ Z íÛÕÜÕÝâ v = Prox G(p),
ïÒÛïîéØÙáï àÕèÕÝØÕÜ ×ÐÔÐçØ ÜØÝØÜØ×ÐæØØ
1
2
∥∥ v − p ∥∥ 2
Z
+G(v) = min
z∈Z
{ 1
2
∥∥ z − p ∥∥ 2
Z
+G(z)
}
,
ÚÞâÞàÐï íÚÒØÒÐÛÕÝâÝÐ Ò áÛãçÐÕ, ÚÞÓÔÐ G  ÒëßãÚÛëÙ, áÞÑáâÒÕÝÝëÙ, ßÞÛãÝÕ-
ßàÕàëÒÝëÙ áÝØ×ã äãÝÚæØÞÝÐÛ, ÒÐàØÐæØÞÝÝÞÜã ÝÕàÐÒÕÝáâÒã
(v − p, z − v)Z +G(z)−G(v) ≥ 0 ∀ z ∈ Z . (39)
½ÕâàãÔÝÞ ßàÞÒÕàØâì, çâÞ ßàÞÚáØÜÐÛìÝÞÕ ÞâÞÑàÐÖÕÝØÕ ïÒÛïÕâáï ÖÕáâÚÞ
ÝÕàÐáâïÓØÒÐîéØÜ, âÞ Õáâì∥∥∥Prox G(p)− Prox G(z)∥∥∥ 2
Z
≤
(
Prox G(p)− Prox G(z), p− z
)
Z
∀ p, z ∈ Z.
¸áßÞÛì×ãï ÞßàÕÔÕÛÕÝØÕ ßàÞÚáØÜÐÛìÝÞÓÞ ÞâÞÑàÐÖÕÝØï Ò ÒØÔÕ ÒÐàØÐæØÞÝ-
ÝÞÓÞ ÝÕàÐÒÕÝáâÒÐ (39), ÛÕÓÚÞ ãáâÐÝÞÒØâì, çâÞ ØâÕàÐæØÞÝÝëÙ ßàÞæÕáá (33) 
(35) ÜÞÖÕâ Ñëâì ×ÐßØáÐÝ Ò áÛÕÔãîéÕÜ ÒØÔÕ:
q0 − ßàÞØ×ÒÞÛìÝëÙ íÛÕÜÕÝâ,
q(k+1) = Tq(k),
q(k) =
(
u(k), y
(k)
1 , y
(k)
2 , .., y
(k)
m , λ
(k)
1 , λ
(k)
2 , .., λ
(k)
m
)
, k = 0, 1, 2, . . . ,
(40)
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âÞ Õáâì T  ÞßÕàÐâÞà ßÕàÕåÞÔÐ íâÞÓÞ ØâÕàÐæØÞÝÝÞÓÞ ßàÞæÕááÐ.
ÁßàÐÒÕÔÛØÒë
ÂÕÞàÕÜÐ 2 . ÂÞçÚÐ q = (u,B1u,B2u, . . . , Bmu, λ1, λ2, . . . , λm) ïÒÛïÕâáï
ÝÕßÞÔÒØÖÝÞÙ âÞçÚÞÙ ÞßÕàÐâÞàÐ T Ò âÞÜ Ø âÞÛìÚÞ Ò âÞÜ áÛãçÐÕ, ÚÞ-
ÓÔÐ ÒëßÞÛÝÕÝë ãáÛÞÒØï
yi = Biu, λi ∈ ∂Gi(Biu), −
m∑
i=1
B∗i λi = Au− f, i = 1, 2 . . . ,m.
¿àØ íâÞÜ ßÕàÒÐï ÚÞÜßÞÝÕÝâÐ u ÛîÑÞÙ ÝÕßÞÔÒØÖÝÞÙ âÞçÚØ ÞßÕàÐâÞàÐ
T ïÒÛïÕâáï àÕèÕÝØÕÜ ×ÐÔÐçØ (15).
ÂÕÞàÕÜÐ 3 . ¿ãáâì áãéÕáâÒãÕâ ßÞ ÚàÐÙÝÕÙ ÜÕàÕ ÞÔÝÞ àÕèÕÝØÕ ×ÐÔÐçØ
(15). ÂÞÓÔÐ ÜÝÞÖÕáâÒÞ ÝÕßÞÔÒØÖÝëå âÞçÕÚ ÞßÕàÐâÞàÐ T ÝÕ ßãáâÞ.
² ý 2 ÓÛÐÒë 3 ØááÛÕÔÞÒÐÝÐ áåÞÔØÜÞáâì ØâÕàÐæØÞÝÝÞÓÞ ÜÕâÞÔÐ àÐáéÕßÛÕ-
ÝØï.
¸× âÕÞàÕÜë 2 áÛÕÔãÕâ, çâÞ ØááÛÕÔÞÒÐÝØÕ áåÞÔØÜÞáâØ ØâÕàÐæØÞÝÝÞÓÞ ßàÞ-
æÕááÐ (33)  (35) áÒÞÔØâáï Ú ØááÛÕÔÞÒÐÝØî áåÞÔØÜÞáâØ ÜÕâÞÔÐ ßÞáÛÕÔÞÒÐâÕÛì-
Ýëå ßàØÑÛØÖÕÝØÙ ÞâëáÚÐÝØï ÝÕßÞÔÒØÖÝÞÙ âÞçÚØ ÞßÕàÐâÞàÐ T .
²ÒÕÔÕÜ Ò àÐááÜÞâàÕÝØÕ ÓØÛìÑÕàâÞÒÞ ßàÞáâàÐÝáâÒÞ Q = V × Hm × Hm áÞ
áÚÐÛïàÝëÜ ßàÞØ×ÒÕÔÕÝØÕÜ
(·, ·)Q = (1−mτ r)
τ
(·, ·)V + r
m∑
i=1
(·, ·)H + 1
τ
m∑
i=1
(·, ·)H .
»ÕÜÜÐ 5 . ¿ãáâì Ai : V → V  ÞÑàÐâÝÞ áØÛìÝÞ ÜÞÝÞâÞÝÝëÕ ÞßÕàÐ-
âÞàë á ßÞáâÞïÝÝëÜØ σi, i = 1, 2, . . . ,m. ÂÞÓÔÐ ÞßÕàÐâÞà A : V → V ,
A =
1
m
m∑
i=1
Ai, âÐÚÖÕ ïÒÛïÕâáï ÞÑàÐâÝÞ áØÛìÝÞ ÜÞÝÞâÞÝÝëÜ.
ÁßàÐÒÕÔÛØÒÐ
ÂÕÞàÕÜÐ 4 . ¿ãáâì A : V → V  ÞÑàÐâÝÞ áØÛìÝÞ ÜÞÝÞâÞÝÝëÙ ÞßÕàÐ-
âÞà á ÚÞÝáâÐÝâÞÙ σ > 0, Ø ÒëßÞÛÝÕÝÞ ãáÛÞÒØÕ:
0 < τ <
2σ
2mσ r + 1
. (41)
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ÂÞÓÔÐ ÞßÕàÐâÞà T , ÞßàÕÔÕÛïÕÜëÙ áÞÞâÝÞèÕÝØïÜØ (36)  (38), ïÒÛï-
Õâáï ÝÕàÐáâïÓØÒÐîéØÜ.
±ÞÛÕÕ âÞÓÞ, ÔÛï ÛîÑëå p, q ∈ Q áßàÐÒÕÔÛØÒÞ ÝÕàÐÒÕÝáâÒÞ
‖Tq − Tp ‖2Q + δ (Aq0 − Ap0, q0 − p0)V +
+
1
τ (1−mτr) ‖(1− τr)
(
q0 − T0q − (p0 − T0p)
)− τ(Aq0 − Ap0)‖2V +
+ r
m∑
i=1
∥∥∥ qi −BiT0q − (pi −BiT0p) ∥∥∥2
H
≤ ‖ q − p ‖2Q,
ÓÔÕ δ = 2− τ/(σ(1−mτr)).
ÂÕÞàÕÜÐ 5 ¿ãáâì A : V → V  ÞÑàÐâÝÞ áØÛìÝÞ ÜÞÝÞâÞÝÝëÙ ÞßÕàÐ-
âÞà á ÚÞÝáâÐÝâÞÙ σ0 > 0, ÒëßÞÛÝÕÝë ãáÛÞÒØï (32), (41), ×ÐÔÐçÐ (15)
ØÜÕÕâ ßÞ ÚàÐÙÝÕÙ ÜÕàÕ ÞÔÝÞ àÕèÕÝØÕ, ØâÕàÐæØÞÝÝÐï ßÞáÛÕÔÞÒÐâÕÛì-
ÝÞáâì
{
q(k)
}+∞
k=0 ßÞáâàÞÕÝÐ ßÞ äÞàÜãÛÕ q
(k+1) = Tq(k), q(0) ∈ Q  ßàÞ-
Ø×ÒÞÛìÝÞ ×ÐÔÐÝÝëÙ íÛÕÜÕÝâ. ÂÞÓÔÐ íâÐ ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì áåÞÔØâáï
áÛÐÑÞ Ò Q ßàØ k → +∞, ÕÕ ßàÕÔÕÛ q∗ ïÒÛïÕâáï ÝÕßÞÔÒØÖÝÞÙ âÞçÚÞÙ ÞßÕ-
àÐâÞàÐ T , Ø áßàÐÒÕÔÛØÒë àÐÒÕÝáâÒÐ limk→+∞
∥∥∥ y(k)i −Biu(k)∥∥∥
H
= 0, i =
1, 2, . . .m, limk→+∞
∥∥ q(k+1) − q(k)∥∥
Q
= 0.
¾âÜÕâØÜ, çâÞ ÕáÛØ ÒëßÞÛÝÕÝë ãáÛÞÒØï âÕÞàÕÜë 2, âÞ Ø× âÕÞàÕÜ 3, 5 ÒëâÕÚÐ-
Õâ, çâÞ ßÞáÛÕÔÞÒÐâÕÛìÝÞáâØ
{
u(k)
}+∞
k=0,
{
y
(k)
i
}+∞
k=0, ßÞáâàÞÕÝÝëÕ áÞÓÛÐáÝÞ (33) 
(35), áåÞÔïâáï áÛÐÑÞ Ú u Ò V Ø Ú Biu Ò H, i = 1, 2, . . .m, áÞÞâÒÕâáâÒÕÝÝÞ, ßàØ
k →∞, ÓÔÕ u  àÕèÕÝØÕ ÒÐàØÐæØÞÝÝÞÓÞ ÝÕàÐÒÕÝáâÒÐ (15).
² ý 3 ÓÛÐÒë 3 ÜÕâÞÔ àÐáéÕßÛÕÝØï (33) - (35) ßàØÜÕÝÕÝ ÔÛï àÕèÕÝØï àÐá-
áÜÐâàØÒÐÕÜëå ×ÐÔÐç ÐÝØ×ÞâàÞßÝÞÙ äØÛìâàÐæØØ.
ÀÐááÜÞâàØÜ ÞáÞÑÕÝÝÞáâØ ßàØÜÕÝÕÝØï ØâÕàÐæØÞÝÝÞÓÞ ÜÕâÞÔÐ (33)  (35) ÔÛï
àÕèÕÝØï àÐááÜÐâàØÒÐÕÜëå ×ÐÔÐç ÐÝØ×ÞâàÞßÝÞÙ äØÛìâàÐæØØ.
´Ûï ÞßàÕÔÕÛÕÝØï u(k+1) ÝÕÞÑåÞÔØÜÞ áÝÐçÐÛÐ àÕèØâì ÚàÐÕÒãî ×ÐÔÐçã Rs = f − Au(k) +
m∑
i=1
B∗i (λ
(k)
i − rp(k)i ) +mrRu(k), x ∈ Ω,
s(x) = 0, x ∈ Γ2, (s(x),n) = 0, x ∈ Γ1,
(42)
ÓÔÕ R = −div
(
m∑
i=1
Υi∇
)
, Ð ×ÐâÕÜ ßÞÛÞÖØâì u(k+1) = u(k) + τ s. ¾âÜÕâØÜ, çâÞ Ò
ÝÐèÕÜ áÛãçÐÕ B∗i = −divΥ1/2i .
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¿àØ çØáÛÕÝÝÞÙ àÕÐÛØ×ÐæØØ ØâÕàÐæØÞÝÝÞÓÞ ÜÕâÞÔÐ (33) - (35) ÞáÝÞÒÝãî
âàãÔÝÞáâì ßàÕÔáâÐÒÛïÕâ àÕèÕÝØÕ ×ÐÔÐç ÜØÝØÜØ×ÐæØØ (34). ·ÐßØèÕÜ Øå Ò ÒØ-
ÔÕ:
(r Biu
(k+1) + λ
(k)
i , zi − y(k+1)i )H ≤ Gi r(zi)−Gi r(y(k+1)i ) ∀ zi ∈ H, (43)
ÓÔÕ Gi r(zi) = Gi(zi) +
r
2
‖zi‖2H .
¸áßÞÛì×ãï ÞßàÕÔÕÛÕÝØÕ áãÑÔØääÕàÕÝæØÐÛÐ ∂ Gi r, ×ÐßØèÕÜ (43) Ò ÒØÔÕ
ÒÚÛîçÕÝØï r Biu(k+1)+λ(k)i ∈ ∂ Gi r(y(k+1)i ).ºÞâÞàÞÕ íÚÒØÒÐÛÕÝâÝÞ áÛÕÔãîéÕÜã
y
(k+1)
i ∈ ∂ G∗i r(r Biu(k+1) + λ(k)i ).
ÄãÝÚæØÞÝÐÛ G∗i r ïÒÛïÕâáï ÒëßãÚÛëÜ Ø ÔØääÕàÕÝæØàãÕÜëÜ ßÞ ³ÐâÞ, áãÑ-
ÔØääÕàÕÝæØÐÛ íâÞÓÞ äãÝÚæØÞÝÐÛÐ áÞáâÞØâ Ø× ÕÔØÝáâÒÕÝÝÞÓÞ íÛÕÜÕÝâÐ, áÞÒßÐ-
ÔÐîéÕÓÞ á ÕÓÞ ÓàÐÔØÕÝâÞÜ, ÞßàÕÔÕÛïÕÜëÜ äÞàÜÞÙ ((G∗i r)′z, y)H = g∗i r(|z|2)z,
ÓÔÕ
g∗i r(ξ
2)ξ =

ξ/r, ξ ≤ r βi,
βi, r βi < ξ ≤ r βi + ϑi/m,
(ξ − ϑi/m)/r, ξ > r βi + ϑi/m.
¿ÞíâÞÜã ×ÐÔÐçØ (34) áÞáâÞïâ Ò ÒëçØáÛÕÝØïå y(k+1)i ßÞ äÞàÜãÛÐÜ y
(k+1)
i =
g∗i r(|q|2)q, q = r Biu(k+1) + λ(k)i , i = 1, . . . ,m.
λ
(k+1)
i ÞßàÕÔÕÛïÕâáï ßÞ äÞàÜãÛÕ: λ
(k+1)
i = λ
(k)
i + r
(
Biu
(k+1) − y(k+1)i
)
.
ÂÐÚØÜ ÞÑàÐ×ÞÜ, ÚÐÖÔëÙ èÐÓ àÐááÜÐâàØÒÐÕÜÞÓÞ ØâÕàÐæØÞÝÝÞÓÞ ÜÕâÞÔÐ áÒÞ-
ÔØâáï äÐÚâØçÕáÚØ Ú àÕèÕÝØî ÚàÐÕÒÞÙ ×ÐÔÐçØ (42) á ÛØÝÕÙÝëÜ áØÛìÝÞ íÛÛØß-
âØçÕáÚØÜ ÞßÕàÐâÞàÞÜ.
² çÕâÒÕàâÞÙ ÓÛÐÒÕ ßàØÒÞÔïâáï àÕ×ãÛìâÐâë çØáÛÕÝÝëå íÚáßÕàØÜÕÝâÞÒ
ÔÛï ÜÞÔÕÛìÝëå ×ÐÔÐç äØÛìâàÐæØØ, ßÞÛãçÕÝÝëÕ ÜÕâÞÔÞÜ ØâÕàÐâØÒÝÞÙ àÕÓã-
ÛïàØ×ÐæØØ Ø ÜÕâÞÔÞÜ àÐáéÕßÛÕÝØï, ßàÞÒÞÔØâáï Øå ÐÝÐÛØ×.
² ý 1 ßàÞÒÕÔÕÝÞ ßÞáâàÞÕÝØÕ ÒÝãâàÕÝÝØå ÚÞÝÕçÝÞíÛÕÜÕÝâÝëå ÐßßàÞÚ-
áØÜÐæØÙ ÒÐàØÐæØÞÝÝëå ÝÕàÐÒÕÝáâÒ, ÚÞâÞàëÕ ÞßØáëÒÐîâ àÐááÜÐâàØÒÐÕÜëÕ ×Ð-
ÔÐçØ.
² ý 2 ßàØÒÕÔÕÝë àÕ×ãÛìâÐâë çØáÛÕÝÝëå àÐáçÕâÞÒ ÔÛï ×ÐÔÐç ÐÝØ×ÞâàÞßÝÞÙ
äØÛìâàÐæØØ. ÁâàÞïâáï âàØÐÝÓãÛïæØØ àÐáçÕâÝëå ÞÑÛÐáâÕÙ Ω, ÚÞâÞàëÕ ßÞÛãçÐ-
îâáï ßãâÕÜ àÐÒÝÞÜÕàÝÞÓÞ àÐ×ÑØÕÝØï ÕÕ áâÞàÞÝ ÝÐ n1 Ø n2 çÐáâÕÙ, ßÞáâàÞÕÝØï
âàÕãÓÞÛìÝØÚÞÒ á ÔØÐÓÞÝÐÛïÜØ, ßÐàÐÛÛÕÛìÝëÜØ ÑØááÕÚâàØáÕ ßÕàÒÞÓÞ Ø âàÕâìÕÓÞ
ÚÞÞàÔØÝÐâÝÞÓÞ ãÓÛÞÒ, Ø ßàØÜÕÝÕÝØï ÜÕâÞÔÐ ÚÞÝÕçÝëå íÛÕÜÕÝâÞÒ á ØáßÞÛì×ÞÒÐ-
ÝØÕÜ ÚãáÞçÝÞ-ÛØÝÕÙÝëå ÝÐ âàÕãÓÞÛìÝØÚÐå äãÝÚæØÙ.
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¿àÕÔÛÞÖÕÝÝëÕ Ò àÐÑÞâÕ ÜÕâÞÔë ÑëÛØ àÕÐÛØ×ÞÒÐÝë çØáÛÕÝÝÞ.
ÀÐááÜÐâàØÒÐÛÞáì âÕçÕÝØÕ Ò ÔÒãÜÕàÝÞÙ ÞÑÛÐáâØ Ω.
¼ÐâàØæë Υi ÒëÑØàÐÛØáì àÐÒÝëÜØ
Υ1 =
(
1 0
0 1
)
, Υ2 =
(
3 0
0 1
)
.
ÄãÝÚæØØ ξ → gi0( ξ2 ) ξ ×ÐÔÐÒÐÛØáì áÞÞâÝÞèÕÝØïÜØ
gi0( ξ
2 )ξ =
{
0 ξ ≤ βi ,
ξ − βi ξ ≥ βi , β1 = 1, β2 = 0.7.
ºàÞÜÕ âÞÓÞ, ßÞÛÐÓÐÛÞáì ϑ1 = 1, ϑ2 = 0.7. ÇØáÛÞ àÐ×ÑØÕÝØÙ áÞáâÐÒØÛÞ 64 ×
64. ½Ð ßàØÒÞÔØÜëå àØáãÝÚÐå âÕÜÝëÜ æÒÕâÞÜ ×ÐÚàÐèÕÝë ÚÞÝÕçÝëÕ íÛÕÜÕÝâë,
ÝÐ ÚÞâÞàëå áÚÞàÞáâì äØÛìâàÐæØØ àÐÒÝÐ ÝãÛî.
½Ð àØáãÝÚÐå (1), (3) ßàÕÔáâÐÒÛÕÝë àÕ×ãÛìâÐâë, ßÞÛãçÕÝÝëÕ ÜÕâÞÔÞÜ ØâÕàÐ-
âØÒÝÞÙ àÕÓãÛïàØ×ÐæØØ. ½Ð àØáãÝÚÐå (2), (4) ßàÕÔáâÐÒÛÕÝë àÕ×ãÛìâÐâë, ßÞÛã-
çÕÝÝëÕ ÜÕâÞÔÞÜ àÐáéÕßÛÕÝØï.
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q = 2 
ÀØá. 1. ÀØá. 2.
½Ð àØá. (1) ßàØÒÕÔÕÝë àÕ×ãÛìâÐâë àÐáçÕâÞÒ Ò áÛãçÐÕ ÞÔÝÞÙ áÚÒÐÖØÝë á ÔÕ-
ÑØâÞÜ q = 1.5, ÝÐåÞÔïéÕÙáï Ò æÕÝâàÕ. ²ëÑØàÐÛØáì áÛÕÔãîéØÕ ×ÝÐçÕÝØï ßÐàÐ-
ÜÕâàÞÒ: τ = 0.6, r = 0.5.
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½Ð àØá. (2) ßàØÒÕÔÕÝë àÕ×ãÛìâÐâë àÐáçÕâÞÒ Ò áÛãçÐÕ ÔÒãå áÚÒÐÖØÝ á ÔÕ-
ÑØâÐÜØ q = 2, ÝÐåÞÔïéØåáï ÝÐ ÔØÐÓÞÝÐÛØ. ²ëÑØàÐÛØáì áÛÕÔãîéØÕ ×ÝÐçÕÝØï
ßÐàÐÜÕâàÞÒ: τ = 0.7, r = 0.45.
½Ð àØá. (3) ßàØÒÕÔÕÝë àÕ×ãÛìâÐâë àÐáçÕâÞÒ Ò áÛãçÐÕ ÞÔÝÞÙ áÚÒÐÖØÝë á ÔÕ-
ÑØâÞÜ q = 2. ²ëÑØàÐÛØáì áÛÕÔãîéØÕ ×ÝÐçÕÝØï ßÐàÐÜÕâàÞÒ: τ = 0.4, r = 0.7.
½Ð àØá. (4) ßàØÒÕÔÕÝë àÕ×ãÛìâÐâë àÐáçÕâÞÒ Ò áÛãçÐÕ ÔÒãå áÚÒÐÖØÝ á ÔÕÑØ-
âÐÜØ q = 1.5, ÝÐåÞÔïéØåáï ßÞ ÔØÐÓÞÝÐÛØ. ²ëÑØàÐÛØáì áÛÕÔãîéØÕ ×ÝÐçÕÝØï
ßÐàÐÜÕâàÞÒ: τ = 0.45, r = 0.6.
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ÀØá. 3. ÀØá. 4.
¿àØ ØáßÞÛì×ÞÒÐÝØØ ÜÕâÞÔÐ àÐáéÕßÛÕÝØï ÝÐØÜÕÝìèÕÕ ÚÞÛØçÕáâÒÞ ØâÕàÐæØÙ
àÐÒÝïÛÞáì 57 ßàØ τ = 0.6, r = 0.5 . ² ÞâÛØçØÕ Þâ Ø×ÞâàÞßÝÞÓÞ áÛãçÐï, ÔÛï
àÐááÜÐâàØÒÐÕÜÞÙ ÐÝØ×ÞâàÞßÝÞÙ ×ÐÔÐçØ ÝÐÑÛîÔÐÕâáï ÐáØÜÜÕâàØçÝëÙ åÐàÐÚâÕà
âÕçÕÝØï.
¿àØÒÕÔÕÝÝëÕ çØáÛÕÝÝëÕ àÕ×ãÛìâÐâë ßÞÚÐ×ÐÛØ íääÕÚâØÒÝÞáâì ßàÕÔÛÞ-
ÖÕÝÝëå ÜÕâÞÔÞÒ àÕèÕÝØï àÐááÜÐâàØÒÐÕÜëå ×ÐÔÐç äØÛìâàÐæØØ.
¾áÝÞÒÝëÕ ÝÐãçÝëÕ ßÞÛÞÖÕÝØï Ø àÕ×ãÛìâÐâë àÐÑÞâë
1. ÂÕÞàÕÜÐ àÐ×àÕèØÜÞáâØ ÒÐàØÐæØÞÝÝëå ÝÕàÐÒÕÝáâÒ ÒâÞàÞÓÞ àÞÔÐ, ÒÞ×ÝØÚÐ-
îéØå ßàØ ÜÐâÕÜÐâØçÕáÚÞÜ ÞßØáÐÝØØ ßàÞæÕááÞÒ ãáâÐÝÞÒØÒèÕÙáï ÐÝØ×ÞâàÞß-
ÝÞÙ äØÛìâàÐæØØ.
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2. ´ÞáâÐâÞçÝëÕ ãáÛÞÒØï áåÞÔØÜÞáâØ ÜÕâÞÔÞÒ àÐáéÕßÛÕÝØï Ø ØâÕàÐâØÒÝÞÙ
àÕÓãÛïàØ×ÐæØØ ÔÛï àÕèÕÝØï ÒÞ×ÝØÚÐîéØå ßàØ ÜÐâÕÜÐâØçÕáÚÞÜ ÞßØáÐÝØØ ßàÞ-
æÕááÞÒ ãáâÐÝÞÒØÒèÕÙáï ÐÝØ×ÞâàÞßÝÞÙ äØÛìâàÐæØØ ÒÐàØÐæØÞÝÝëå ÝÕàÐÒÕÝáâÒ
á ÞßÕàÐâÞàÐÜØ ÜÞÝÞâÞÝÝÞÓÞ âØßÐ Ø ÒëßãÚÛëÜØ ÝÕÔØääÕàÕÝæØàãÕÜëÜØ äãÝÚ-
æØÞÝÐÛÐÜØ.
3. ÀÕ×ãÛìâÐâë çØáÛÕÝÝëå íÚáßÕàØÜÕÝâÞÒ ßÞ àÕèÕÝØî áâÐæØÞÝÐàÝëå ÐÝØ×Þ-
âàÞßÝëå ×ÐÔÐç äØÛìâàÐæØØ á ÜÝÞÓÞ×ÝÐçÝëÜ ×ÐÚÞÝÞÜ, ßÞÔâÒÕàÔØÒèØÕ íääÕÚ-
âØÒÝÞáâì ßàÕÔÛÞÖÕÝÝëå ØâÕàÐæØÞÝÝëå ÜÕâÞÔÞÒ.
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